Abstract In this paper a new numerical method for the multifrequency analysis of the three-dimensional Helmholtz equation is introduced. The collocation boundary element method (BEM) is used for the discretisation of the problem. The identity of the Fourier transform with respect to the wave number is applied to the matrix of the resulting linear system. The analytical form and some important properties are derived. Some numerical examples for the solution are presented.
Introduction
An important assignment for engineers who design electro-magnetic components for automobiles is the reduction of the noise which results from acoustic radiation emitted by the surfaces of these vibrating components. The mathematical model of this technical problem can be represented by a three-dimensional exterior boundary value problem for the Helmholtz equation. The associated boundary integral equation (BIE) is formulated in terms of the surfaces of the components, so one of the most complicated problems is the numerical solution for the BIE. The boundary element method (BEM) produces large dense matrices especially for complex, practically relevant geometries in 3D, where a large number of panels is needed to obtain a sufficiently accurate approximation of the boundary. The memory requirement is Mem ¼ OðN 2 Þ and the numerical work using classical direct solvers is given by Op ¼ OðMN 3 Þ where M denotes the number of frequencies and N is the number of degrees of freedom. Engineers are interested in a wide spectrum of frequencies m 2 ½0; m max .
Typical values are N ¼ 10 3 À 10 4 for the dimension of the problem and M ¼ 10 1 À 10 2 for the frequencies of interest.
In this paper, we introduce a new method for the multifrequency analysis of the Helmholtz equation which is based on the Fourier transform with respect to the wave number j (and so the frequency).
The paper is organised as follows. In Sect. 2, we give a short description of the exterior boundary value problem for the Helmholtz equation and its properties. The boundary integral formulation of the problem and the discrete form are the topics of Sect. 3 and 4. In Sect. 5, we give a short review of the Fourier transform and its main properties. We present, in Sect. 6, the new system of collocation equations after applying the Fourier transform. Finally, we give some numerical examples (Sect. 7) and some conclusions (Sect. 8).
The Helmholtz equation
We consider the exterior boundary value problem for the three-dimensional Helmholtz equation [3] DuðxÞ þ j 2 uðxÞ ¼ 0; x 2 R 3 n X;
In (1), j is the wave number which may be real or complex with ImðjÞ ! 0. C ¼ oX denotes the smooth boundary of the bounded domain X and gðxÞ is a given function. l is a boundary operator corresponding to the Dirichlet, Neumann or impedance boundary condition on C.
Here, we restrict our discussion to the case of the Dirichlet problem uðxÞ ¼ gðxÞ; x 2 C :
To quarantee uniqueness of the solution uðxÞ, we add the Sommerfeld radiation conditions or outgoing wave condition [7] o 
It should be pointed out that the fundamental solution (3) satisfies the Sommerfeld radiation condition (cf.
[2]).
Boundary integral formulation
The boundary integral equations for the exterior Dirichlet boundary value problem in (1) will be reviewed, according to [3] . 
where f is the single-layer density representing the solution of (1). We now give a uniqueness theorem for the solution. is not an eigenvalue of the interior Dirichlet BVP for the Laplacian.
Remark 2 If -j 2 is an eigenvalue of the interior Dirichlet BVP for the Laplacian, then the BIE (5) is solvable if and only if g is orthogonal to the cokernel (=kernel) of A. In this case, the solution f is not unique, cf.
[4].
In a similar manner, we can use the double-layer or the combined single-and double-layer representations to solve the exterior Dirichlet BVP.
The associated uniqueness theorems for all wave numbers j are given in [3] .
Throughout the rest of this discussion, we assume that j 2 R þ . Restricting our discussion to the case of the single-layer representation, we assume that the Eq. (5) is solvable.
Collocation method
The numerical solution for the equation (5) begins with the discretisation of the surface C using a system of plane, triangle panels
The centres of the mass of the panels C i build a system of collocation points
Let the unknown function f ðx; jÞ on C be approximated by
where u j is piecewise constant on C j :
Thus we obtain the following system of collocation equations
where the elements of the matrix A are defined as
The vector a and the right-hand side of this system are given by ðaðjÞÞ j ¼ a j ðjÞ and ðbðjÞÞ i ¼ gðy i ; jÞ; i; j ¼ 1; . . . ; N :
Note that the collocation matrix in (6) explicitly depends on the wave number j.
Fourier transform
In this section, we give some basic definitions and properties of the Fourier transform for our subsequent applications. For more details, we refer the reader to [3, 6] . For a complex-valued function f on R, we define the one-dimensional Fourier transform of f bŷ f f ðjÞ F n;j ½f ðnÞðjÞ ¼
The corresponding inverse Fourier transform is then f ðnÞ ¼ F 
The Fourier transformff exists, at least, for f 2 L 1 . In particular, (8) and (9) define the Fourier transform and its inverse for every test function f 2 S. It is well known that the Schwartz space S is invariant under the Fourier transform and that under its inverse
